In this article we extend a cancellation theorem of D. Wright to the case of affine normal domains. We shall show that if A is an algebra over a Noetherian normal domain R containing a field k and if
Introduction
Throughout the article rings will be commutative with unity. For a ring R, R [n] will denote the polynomial ring in n variables over R. We shall use the notation A = R [n] to mean that A is isomorphic, as an R-algebra, to a polynomial ring in n variables over R. For a prime ideal P of R, k(P) will denote the residue field R P /PR P ; and for an R-algebra A, A P will denote the localisation S −1 A where S = R\P.
Consider the following cancellation problem. [1] . Suppose, A[T ] = R [3] . Is then A = R [2] ?
Problem 1.1. Let R be a ring, A an R-algebra and A[T ] = A
While the problem is open in general, it is well known that the contributions of MiyanishiSugie ( [17] ) and Fujita ([15] ) give affirmative solution to the problem for the case R is a field of characteristic zero; then Russell ([20] ) gave affirmative solution when R is a perfect field of arbitrary characteristic; and recently Bhatwadekar-Gupta [8] showed that the same holds even when R is a non-perfect field. When R is PID containing a field of characteristic zero, the results on A 2 -fibration by Sathaye ([23] ), along with a result of Bass-Connell-Wright ( [5] ), show that A, indeed, is a polynomial ring in two variables. Asanuma-Bhatwadekar's structure theorem on A 2 -fibration shows the same conclusion when R is a one dimensional Noetherian local domain containing Q such that Ω R (A) is extended from R ( [4] , Corollary 3.9); in particular, Problem 1.1 has an affirmative solution when R is a one dimensional Noetherian seminormal local domain containing Q ( [4] , Remark 3.10); also see ( [11] and [14] ). However, even when R is a PID (but Q ֒→ / R), Problem 1.1 does not have an affirmative answer by an example of Asanuma ([3] , Theorem 5.1). We present below a generalised version of the example due to Neena Gupta ([16] , Lemma 3.2, Theorem 4.2, Theorem 4.3). Example 1.2. Let k be a field of characteristic p 0 and R = k[π] = k [1] .
where m is a positive integer and [2] for all P ∈ Spec(R) and [3] , but A R [2] .
Naturally, one may ask that under what conditions a positive answer to Problem 1.1 can be expected over general rings. It is important to note that if there exists an element [2] so that B := A[T ]/(F) = R [2] becomes a simple extension of A, then one may try to construct variables of A from judiciously chosen variables of B. So, corresponding to Problem 1.1, the following epimorphism problem can be considered. [2] . Then
Problem 1.3. Let A be a finitely generated algebra over a ring R and A[T
When R is a field and F = bT n − a, where a, b ∈ A, positive answers have been given by Peter Russell [18] and David Wright [25] for the case n = 1 and n ≥ 2 respectively, under certain assumptions on A (also see [22] and [19] ). We quote below the precise statement of D. Wright. [2] .
Under the hypothesis A = R [2] , Das-Dutta in [9] showed that Wright's epimorphism result extends to more general rings, thereby answering (ii) of Problem 1.3 in the case of such rings for F = bT n − a. We quote below one of the results. [1] .
Theorem 1.5. Let R be a Noetherian normal domain containing a field of characteristic p
In this article, we shall use some recent results on residual variables of affine fibrations by Das-Dutta ( [10] ) to show that the above epimorphism result can be generalized to the case A is an A 2 -fibration over R with Ω R (A) a stably free A-module, thereby getting a partial answer to (i) of Problem 1.3 for the above mentioned R and F. More generally, we shall show the following (Proposition 3.2):
Proposition A. Let R be a Noetherian normal domain containing a field of characteristic p ≥ 0 and A a finitely generated flat R-domain with Ω R (A) a stably free A-module. Suppose there exist 2
= R [2] , where n ≥ 2 and p ∤ n, and that, for each prime ideal P of R, [3] . When R is a factorial domain, the hypothesis "Ω R (A) is stably free" may be dropped.
We shall also see that Problem 1.1 has an affirmative answer over a Noetherian normal domain R if A[T ] has a variable of the form bT n − a; more precisely (Theorem 3.4):
Theorem B. Let R be a Noetherian normal domain containing a field of characteristic p ≥ 0 and [3] , where n ≥ 2 and p ∤ n. Then A = R[a] [1] = R [2] and
An important question on affine fibration is whether every A 2 -fibration is a polynomial ring in two variables over the base ring. In [23] , A. Sathaye showed that an A 2 -fibration A over a base ring R is trivial if R is a DVR containing Q. Asanuma's example ( [3] , Theorem 5.1) shows that non-trivial A 2 -fibrations exist over a DVR containing a field of positive characteristic. But it is not known whether every A 2 -fibration over a two dimensional regular affine spot containing Q is trivial. In this article we shall observe that an A 2 -fibration A over a Noetherian factorial domain containing Q is trivial if there exist a, b in A such that the fibres of
Corollary C. Let R be a Noetherian factorial domain containing Q and A an A 2 -fibration over R. [2] for all prime ideals P of R.
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is normal (factorial) for all P ∈ Spec(R); a finitely generated flat R-algebra A is said to be an
[n] for all P ∈ Spec(R); an m-tuple of algebraically independent
The result below is a special case of ( [12] , Theorem 7). [1] . Then B = A [1] .
Theorem 2.2. Let k be a field, L a separable field extension of k, A a factorial domain containing k and B an A-algebra such that B
The following result gives a criterion of equality of a ring and its subring ( [6] , Lemma 2.1):
We register the following lemma by Sathaye ([22] , Lemma 1):
is comaximal with X 1 if and only if X
The following result by Das-Dutta ( [9] , Lemma 4.1) will be used to prove one of our main results:
Lemma 2.5. Let k be a field of characteristic p ≥ 0 and σ a k-automorphism of B = k [2] of order n such that p ∤ n. Suppose that k contains all the n th roots of unity. Then there exist elements U, V ∈ B and α, β ∈ k
We shall use the following consequence of Sathaye's result ( [22] , Corollary 1) which appears in ( [9] , Lemma 4.2): Lemma 2.6. Let k be a field, B = k [2] and b ∈ B\k. Suppose that there exist a separable algebraic extension E| k and an element X 
is a stably free A-module where either R contains Q or R is seminormal. [1] for
Then an m-tuple
(W 1 , W 2 , · · · , W m ) of A
is an m-tuple residual variable of A over R if and only if it is an m-tuple variable of A over R, i.e., A ⊗
R k(P) = (R[W 1 , W 2 , · · · , W m ] ⊗ R k(P))
all prime ideals P of R if and only if
A = R[W 1 , W 2 , · · · , W m ] [1] = R [m+1] .
Main Results § Cancelling variables of the form bT n − a over a field
We shall first show that Theorem 1.4 can be generalised to any field. The proof follows from the proofs of Proposition 4.4 and Theorem 4.5 of [9] ; but for reader's convenience the proof is being included. = k [2] , where n ≥ 2 and p ∤ n. Then there
Proof. Case -I: Suppose that k contains all the n th roots of unity. Let σ be the k-automorphism of B induced by the k-automorphismσ of A[T ] defined bỹ σ(T ) = ωT where ω is a primitive n th root of unit. Obviously, σ has order n.
Since B = k [2] , by Lemma 2.5 there exist variables
Without loss of generality we may assume that α = 1 and hence we get that V ′ is a unit multiple of t and the ring of invariant of σ is [2] .
Set Y := t. We shall show that there exists [2] . [2] . We shall show that p i 's are pair wise comaximal.
Letk denote an algebraic closure of k, L i be a subfield ofk isomorphic to A/p i and let L be the subfield ofk generated by the fields
Since p i C ⊆ p i C, it follows that ζ i is transcendental over L i (otherwise p i | a and hence p i is a non-zero divisor in C which is an integral domain, a contradiction) and p i C is a prime ideal of C. As ht p i C = 1 and p i C 0, we have p i C = p i C. This shows that p i are pairwise comaximal in C and hence in B. 
Since a ∈ bC, it follows that h 0 (X) ∈ bC.
Since there is no height one prime ideal of A which contains both a and b, and since h ′ a ∈ bA, it follows from the normality of A that (the associative prime ideals of a are of height one)
A p = A. Therefore, h ′ ∈ bA. Now we argue as before that h 1 (X) ∈ bk[X, a]. We continue this process to conclude that h i (X) ∈ bk[X, a] for 0 ≤ i ≤ d, which proves the claim. Now, since b ∈ k[X, a] is a non-zero element, applying Lemma 2.3 we have A = k[X, a] = k [2] .
Thus, if k contains all the n th roots of unity, then there exist variables [2] and
Now we take the other case. Case -II: Suppose k does not contain all the n th roots of unity. Let E be the field obtained by adjoining all the n th roots of unity to k and let g = bT n − a. Since p ∤ n, E is a Galois extension over k. By Case -I, we get variables X ′ and [1] by Theorem 2.2. If b ∈ A\k, then, by Lemma 2.6, we get
. This completes the proof. § Cancelling variables of the form bT n − a over a normal domain We now prove Proposition A.
Proposition 3.2. Let R be a Noetherian domain containing a field of characteristic p ≥ 0 and A a finitely generated flat residually normal R-domain satisfying any of the following conditions (i) R is factorial. (ii) Ω R (A) is a stably free A-module with either R contains Q or R is seminormal.
Let n ≥ 2 be such that p ∤ n. Suppose there exist a, b ∈ A such that, for each P ∈ Spec(R), [2] . Then A = R[a] [1] = R [2] and
Proof. Fix P ∈ Spec(R). Letting a and b respectively denote the images of a and b in A ⊗ R k(P), we
(bT n − a) = k(P) [2] . Then since A ⊗ R k(P) is a normal affine k(P)-domain, by Theorem 3.1, there exist variables [2] and [3] .
This shows that a is a residual variable of A over R and (bT n −a, T ) is a pair of residual variables of A[T ] over R. Since R is a Noetherian domain, and since A is finitely generated flat R-algebra, by Theorem 2.7 we have A = R[a] [1] = R [2] and
is a stably free module or R is a factorial domain. This completes the proof. (I) In Proposition 3.2, if we assume that R is a factorial domain, then it can be seen that there exists
(II) When R is a DVR, the following holds as a special case of Proposition 3.2: Let (R, π) be a DVR containing a field of characteristic p ≥ 0 and A a finitely generated
where n ≥ 2 and p ∤ n. Then there exists
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(III) In Proposition 3.2, if we assume that b = 1 (or b ∈ R * ), then the condition "A is a residually normal domain" holds automatically due to the fact that [2] is a normal domain and is a free A ⊗ R k(P)-module.
(IV) When A = R [2] , the conclusion of Proposition 3.2 follows even if b belongs to PA P for some prime ideal P of R (see [9] , Theorem 6.2).
As another consequence of Theorem 3.1 we see that the answer to Problem 1.1 is affirmative over Noetherian normal domains, if A[T ] has a variable of the form bT n − a where n ≥ 2. 
where n ≥ 2 and p ∤ n.
Proof. Note that since A[T ] = R [3] , A is a finitely generated flat residually factorial R-domain; and by ([10] , Lemma 2.1), Ω R (A) is a stably free A-module. [1] and [2] . By a result of Abhyankar-Eakin-Heinzer ( [1] , and hence [1] . Since P ∈ Spec(R) is arbitrary, using Theorem 2.7, we get A = R[a] [1] = R [2] and A[T ] = R[bT n − a, T ] [1] . This completes the proof.
Fix a prime ideal
Remark 3.5.
(I) The converse of Theorem 3.4 holds: If A = R [2] , then there exist a, b ∈ A, e.g., a = Y and b = X, [2] .
(II) Example 1.2 shows the necessity of the condition n ≥ 2 in Theorem 3.4. = k [1] . Then A = R [2] if and only if there exist a, b ∈ A and n ≥ 2
we have either (I) for each P ∈ Spec(R), B ⊗ R k(P) = k(P) [2] and b PA P .
or(II) B = R [2] and b PA P for each P ∈ Spec(R).
Proof. In [16] , it has been observed that under the hypothesis − a) satisfies B ⊗ R k(P) = k(P) [2] for all P ∈ Spec(R). Then A = R[a] [1] = R [2] and
Letā andb respectively be the images of a and [2] , by Theorem 3.1, we get A ⊗ R k(P) = (R[a] ⊗ R k(P)) [1] and [1] = k(P) [2] and hence by ( [1] , Theorem [1] . Since the characteristic of k(P) is 0, by Abhyankar-Moh-Suzuki [1] ; and hence [1] .
Since P ∈ Spec(R) is arbitrary, using Theorem 2.7 we get A = R[a] [1] = R [2] and
. This completes the proof.
The following example by S.M. Bhatwadekar shows that the condition "A is a normal kdomain" is necessary for Theorem 3.1. [2] and I = (X 2 , Y − 1) be an ideal of B. Let A = k + I. Then B is a finite birational extension of A and the conductor of B over A is I.
Note that F is a prime element of [2] .
. From this it follows that A[T ] + FB[T ] = B[T ] as IB[T ] = IA[T ] and FA[T ] = FB[T ] ∩ A[T ]. Thus A[T ]/FA[T ] = B[T ]/FB[T ] = k[X, T ] = k
The next example shows the necessity of the hypothesis "b PA P for all P ∈ Spec(R)" in Proposition 3.2. where n ≥ 1. We claim that B = A[t] = R[t] [1] , where t is the image of T in B.
Note that π ∈ R is prime in both .
Hence, by a version of the Russell-Sathaye criterion ( [21] , Theorem 2.3.1) for a ring to be a polynomial algebra over a subring ([6] , Theorem 2.
6) we get A[t] = R[t]
[1] = R [2] . But A R [2] , since A/πA (R/πR) [2] . = R [2] .
(I) When b PA P for all P ∈ Spec(R), then by the contributions of [2] holds in general.
(II) When b ∈ PA P for some P ∈ Spec(R), it is not known whether A[T ] = R[bT − a] [2] even if R is a DVR. We quote below a concrete example by Bhatwadekar-Dutta ( [7] [2] .
